Abstract We settle J. Wetzel's 1970's conjecture and show that a 30
Let F be the set of all arcs of unit length in the plane. A cover of F is a set that contains a congruent copy of every arc in F. Soon after Moser asked his question, A. Meir showed that a semidisk of unit diameter is such a cover (reported in [10] ); and in 1973 Wetzel [10] showed more generally that for 0
• < ϑ ≤ 90
• a circular sector of angle ϑ and radius 1 2 csc 1 2 ϑ is also a cover. At about this same time, Wetzel guessed that the 30
• sector Π of unit radius might also be a cover, but although he mentioned this hunch to colleagues, he inexplicably neglected to mention it in [10] . It was first reported in [7] and more recently in [9, p. 358] .
The relevant literature on related covering problems is sizeable, but not much has been published about Moser's specific question. An argument is given in [13] to show that the sector with central angle ϑ and radius csc 2ϑ is a cover, so in particular, a 30
• sector of radius 2/ √ 3 ≈ 1.155 is large enough to cover F. It is known [6] that at least every convex (and consequently every drapeable) unit arc fits in Π.
The best bounds in the literature for the least area α of a convex cover for F are 0.2322 < α < 0.2709, as reported in [11] . With area π/12 ≈ 0.2618, the 30
• unit sector Π reduces the upper bound by a little more than 3 percent.
Here we give a geometric proof of Wetzel's conjecture. The shape of Π suggests that reflections might be helpful, and our proof relies heavily on this insight. But in one of those strange coincidences that sometimes occur, Y. Movshovich has recently found an altogether different analytic proof of the result using calculus-level tools. Her argument has not yet been published.
Preliminaries
In [12, Cor. 5] we showed in detail that a compact set in the plane is a cover for F if it contains a congruent copy of each simple polygonal arc of unit length. We first mention the key lemma on how a pair of support lines touches a simple arc. The parallel case is discussed in [2] and the general case is in [13] . Here we give another proof for the general case. This is called the lambda property. Our proof of the following lemma is related to reasoning given by J. Ralph Alexander in our unpublished paper, Alexander, Wetzel, and Wichiramala, "The Λ-property of a simple arc." [1] . The proof of the next lemma will appear after the main theorem.
Lemma 1 Suppose γ is a parametrized, simple, polygonal arc and 0 < θ < π. Let X 1 , X 2 , ..., X n be the corner points of the convex hull of γ and appear on γ in this parametric order . Then γ can be placed within two angles of size θ so that 1) X 1 touches an angle's vertex or γ touches the rays at 3 points with parameters t 1 < t 2 < t 3 where γ(t 2 ) touches one ray and the other two points touch the other ray.
2) X n touches the other angle's vertex or γ touches the rays at another set of 3 alternating points. In total, there are at most 2 pairs of support lines with sets of such triple points. Furthermore when there are 2 pairs of support lines, they interlace as illustrated in Figure 3 or Figure 4 .
The lemma originates in [14] with the same result except the obvious interlace property. We note that 2 lines make angle 0 if they are parallel. From the previous lemma, when θ = 0 the 2 results 1) and 2) become existing of a unique parallel support lines with such 3 alternating points [14] . When θ ≥ π, the result is trivial and thus not interesting. In addition, we may place some γ within an angle so that some middle X i , 1 < i < n, touches the angle's vertex. When θ is equal to the angle of the hull at X 1 , we can both place γ within an angle of size θ so that X 1 touches the angle's vertex and there is a set of 3 alternating points having X 1 and X 2 (on opposite rays). Recently, Movshovich extends the result in [5] .
The next lemma shows how to compare the length of an arbitrary arc with the chord of a related sector.
Lemma 2 Let AV B be a sector of angle θ with chord AB. Suppose that the arc γ with endpoints P and Q are on the rays V A and V B, respectively (see Figure 1 ). 1) If P is not in the sector and θ < 90
• , then P Q > AA . 2) If P and Q are not in the sector (one of them is allowed to be on the circular arc) and θ < 180
• , then P Q > AB. 3) If a point X on γ is not in the sector and θ < 90
• , then γ is longer than AA . In addition, if X is on the angle bisector, then γ is longer than AB. 
4)
If points X and Y on γ are not in the sector and they are on opposite side of the angle bisector of θ < 180
• , then γ is longer than AB.
Proof This is clear by simple comparison and the inequality sin α + sin β > sin α cos β + cos α sin β = sin(α + β) for α and β in (0, 90 • ).
The main result
We prove the conjecture on the sector Π here.
Theorem 3 A 30
• sector of unit radius contains a congruent copy of every unit arc.
Proof It suffices to show that every simple, polygonal unit arc fits in Π. Suppose to the contrary that γ is a simple, polygonal unit arc that cannot be covered by Π (see Corollary 5 in [12] ). Hence γ cannot be placed within Π so that it touches the angle's vertex of the sector of unit radius. By Lemma 1 for angle θ = 30
• , there are 2 different pairs of support lines with angle in between 30
• together with 2 sets of 3 alternating points on each pair of such lines. Some of these 6 points may coincide. Let U and V be the intersections of the 2 pairs of support lines (see Figure 2 ). Hence none of the 6 points touches U or V , and there are points X and Y on γ that XV > 1 and Y U > 1.
We will divide into cases according to relations between the 2 pairs of lines and the 2 sets of points. Case 1. The 2 pairs of lines share a common line with 2 sets of points ABD and ACD as in Figure 3 . Note that B and C may coincide as a degenerate subcase. This case already includes the last 3 possibilities in Figure 3 as we may ignore some points.
For the remaining cases, the 4 lines are different. The arrangement of those 6 points will determine the remaining cases.
Case 2. The 2 sets of points are ABD and CEF as in Figure 4 (a). Note that BC or DE may degenerate.
Case 3. The 2 sets of points are ABC and DEF as in Figure 4 (b). Note that CD may degenerate.
Case 4. The 2 sets of points are ABC and DEF as in Figure 4 (c). Let P be the endpoint of γ near A and Q be the other endpoint. Now we will show in each case that γ is longer than 1. Case 1. Here we have that X is on the subarc P B and Y is on the subarc CQ. First suppose that X is on the subarc AB and Y is on the subarc CD (see Figure 5 ). Note that X may coincide with A or B and Y may coincide with C or D. We will show that the polysegment AXBCY D is longer than 1. • at V . Therefore γ is longer than 1. Now suppose that X is on the subarc P A (and Y is on the subarc EF ). We will compare the polygonal arc XABCDEY F with a shorter polygonal arc that satisfies the previous assumption. First letX be the point on the left of A withXA = XA (see Figure 6 ). Since A is on the left of V , the center of the circular arc,X is also on the left of the circular arc. ThusXV > 1. Now let A =X. Thus the polygonal arcĀXBCDEY F is shorter than XABCDEY F . By the first part of case 1, we haveĀXBCDEY F > 1. When Y is on the subarc F Q, the argument is similar. Hence γ is longer than 1.
For the remaining cases, with the same argument onX andĀ, we may suppose that X is on the subarc AB and Y is on the subarc EF . Then we will show that the polysegment AXBCDEY F is longer than 1.
Case 2. Let α = AV U and β = F U V (see Figure 7 ). Possibly after a rotation, we may assume α ≥ β. Note that the product of 2 reflections in the sides of a 30
• angle is a 60
• rotation about their intersection. We create new points and segments as follows. First let C D E Y F be the reflection of CDEY F across U B. Next let E Y F be the reflection of E Y F across U D . Now let V be the rotation of V for 60
• around U . Then let Y F be the reflection of Y F across V E and Y * be the reflection of Y across V F . Note that V is also the rotation of U for 60
Together with XV > 1 and F V V = F U V = β. By Lemma 2, the length of AXBC D E Y F is at least AF which is longer than a chord of a unit sector around V of angle 60
• + α − β ≥ 60
• . Therefore the length of AXBCDEY F is greater than 1. In degenerate case where B = C or D = E, the argument is similar.
Case 3. We create new points and segments as follows (see Figure 8 ). First let X B be the reflection of XB across U A and A X be the reflection of AX across U B . Next let V be the rotation of V around U for −60
• . Now let E Y be the reflection of EY across V F and Y F be the reflection of Y F across V E . Note that V is also the rotation of U around V for 60
• . Note that X V = XV > 1 and Y V = Y U > 1. By Lemma 2, the length of A X B CDE Y F is at least A F which is longer than a chord of a unit sector around V of angle at least 60
• . Therefore the length of AXBCDEY F is greater than 1.
Case 4. Similar to case 2, let α = AV U and β = F U V (see Figure 9 ). Possibly after a rotation, we may assume α ≥ β. We create new points and segments as follows. First let C D E Y F be the reflection of CDEY F across U B. Next let D E Y F be the reflection of D E Y F across U C . Now let V be the rotation of V around U for 60
• . Then let Y F be the reflection of Y F across V E and Y * be the reflection of Y across V F . Note that V is also the rotation of U around V for 60
• .
Together with XV > 1 and F V V = F U V = β, by Lemma 2, the length of AXBC D E Y F is at least AF which is longer than a chord of a unit sector around V of angle 60
• +α−β ≥ 60
In each case, we arrive at a contradiction. Therefore Π can cover every unit arc. Now we provide the proof of Lemma 1.
Proof We first consider the angle of the convex hull of γ at X 1 . If the angle is not bigger than θ, then we can place γ within it so that X 1 touches the angle's vertex. So we suppose the angle is bigger than θ. Note that for each i, the segment X i X i+1 is a part of the boundary of the hull or cross segment (inside the interior of) the hull. Without the interior of all cross segments, the remaining of the polygonal arc X 1 X 2 . . . X n is composed of connected, external pieces on the boundary. Note that an external piece could possibly be just a single point. However the beginning and ending pieces are not a single point. Next we place 2 rays u and v starting at X 1 and on the 2 sides of the hull as in Figure 10 (a). As X 1 is the first point on the boundary, we may assume that v touches X 2 and u touches 2 external pieces or 2 ends of the single external piece. We now start to rotate v around and keep touching γ as in Figure 10(b) . We continue to rotate until v touches 2 external pieces as in Figure 10 (c). Next we start to rotate u around γ as in Figure 10(d) . We continue to rotate until u touches 2 external pieces as in Figure 10 (e). Along this rotation, we keep the property of having 3 points alternating between u and v and reduce the angle between u and v. The process stops when the angle between u and v is θ.
For result 2), we work in the same fashion at X n and get another pair of support lines with alternating 3 points. Since θ > 0, if there are 2 pairs of support lines, they are different as the 2 orientated angles between u's and v's are different. In the other way, we may think that we continue moving u and v starting from X 1 and decreasing the angle in between until u and v meet at X n . When the signed angle in between is −θ, we have a pair of support line for 2). We have that the number of external pieces is greater than the number of cross segments by 1 and each external piece alternately contribute to opposite side of the hull with respect to X 1 and X n . Hence the numbers of external pieces on both sides differ by at most 1. Thus the process must stop at X n and if there are 2 such pairs of support lines, they must interlace as in Figure 3 or Figure 4 .
For a pair of support lines with this property, one line must touch 2 consecutive external pieces while the other line touches the external piece ordered in between the 2 previous and opposite pieces. Hence the process has found all possible such pairs. This completes the proof of the lemma .
